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1 NOTATIONS

lets denote :

e (E,d), any complete metric space.

H, any Hilbert space.

B, any Banach space.

X, any smooth Banach space : X is a Banach space where thergpeXist> R* such
thatA = {x,@(x) > 0} is a bounded non empty set on whiglis Fréchet differentiable.

if f:E— R, thenEpi(f) = {(xt) € E xRt > f(x)}

C((xo0,t0),a), the lower cone of vertefxo,tp) and parameten in E x R :

C((xo,t0),a) = {(x,t) e ExR, |t —to| < ad(x,xo)}

2 THE THEOREM

Theorem 2.1 Let f be a lower semicontinuous function, with a lower bound L, from E Bnto
Thenvx € E, Ve € R, 3x € E with the two following properties :

o d(x,x) <2
o C((% f(x),e)NEpi(f) = {(X f(X)}
whereA = f(x) —Inf(f)

It is a basic application of the decreasing compact sequence theorem in complete metric spaces
(if a > 0, thenC(y, f(y)) NEpi(f)is a compact non empty séy € E).

3 FIRST RESULTS

e a demonstration of Picard-Banach fixed point theorem

e Caristi’'s theorem (1976)



4 FRECHETDIFFERENTIABILITY OF CONVEX FUNCTIONS OFHILBERT SPACES

Theorem 4.1 If fis a continuous convex function from H ofiRothen it is Féchet differentiable
anywhere on a generic set G.

let:

M ={(u,a) e H xR, f(x) >a—(ux),¥xe H}

U(x,c)={ueH,JacR: (u,a) € M anda— (u|x) > f(x) —c}
e P={xeH,aveH,In>0:[ly—x| <n= f(y) < f(x) = (Vly=x) +elly—X|}
o Ac={(uj,m) € M andmy — (x|x) < f(x) —c}
e Ge={xeH:dJdc>0,diamprojy(/A¢)) <€}
Then the proof works with following steps :
e VYxeH,c>0, U(x,c) is bounded
e Ve > 0, P is dense intdH
o if X€Ne=0Ge, then fis Fechet differentiable at x.
e Ve > 0, Gg is an open set
e Ve>0,3¢ >0,Py C G

e by Baire’s dense open set theorem, this theorem follows.

Remark 4.2 This theorem can be generalized in smooth Banach spaces. For example if B is
reflexive or B separable, then it is smootht(1®).



