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1 NOTATIONS

lets denote :

• (E,d), any complete metric space.

• H, any Hilbert space.

• B, any Banach space.

• X, any smooth Banach space : X is a Banach space where there existφ : X 7→ R+ such
that∆ = {x,φ(x) > 0} is a bounded non empty set on whichφ is Fŕechet differentiable.

• if f : E 7→ R, thenE pi( f ) = {(x, t) ∈ E×R, t ≥ f (x)}

• C ((x0, t0),α), the lower cone of vertex(x0, t0) and parameterα in E×R :

C ((x0, t0),α) = {(x, t) ∈ E×R, |t− t0| ≤ αd(x,x0)}

2 THE THEOREM

Theorem 2.1 Let f be a lower semicontinuous function, with a lower bound L, from E ontoR.
Then∀x∈ E,∀ε ∈ R,∃x∈ E with the two following properties :

• d(x,x)≤ λ
ε

• C ((x, f (x),ε)∩E pi( f ) = {(x, f (x))}

whereλ = f (x)− In f ( f )

It is a basic application of the decreasing compact sequence theorem in complete metric spaces
(if α > 0, thenC (y, f (y))∩E pi( f ) is a compact non empty set∀y∈ E).

3 FIRST RESULTS

• a demonstration of Picard-Banach fixed point theorem

• Caristi’s theorem (1976)
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4 FRÉCHETDIFFERENTIABILITY OF CONVEX FUNCTIONS OFHILBERT SPACES

Theorem 4.1 If f is a continuous convex function from H ontoR, then it is Fŕechet differentiable
anywhere on a generic set G.

let :

• M = {(u,a) ∈ H×R, f (x)≥ a− (u|x),∀x∈ H}

• U(x,c) = {u∈ H,∃a∈ R : (u,a) ∈ M anda− (u|x)≥ f (x)−c}

• Pε = {x∈ H,∃v∈ H,∃η > 0 : ‖y−x‖ ≤ η ⇒ f (y)≤ f (x)− (v|y−x)+ ε‖y−x‖}

• Λc = {(ui ,mi) ∈ M andm1− (xi |x)≤ f (x)−c}

• Gε = {x∈ H : ∃c > 0,diam(pro jH(Λc))≤ ε}

Then the proof works with following steps :

• ∀x∈ H,c > 0, U(x,c) is bounded

• ∀ε > 0, Pε is dense intoH

• if x∈
⋂

ε>0Gε, then f is Fŕechet differentiable at x.

• ∀ε > 0, Gε is an open set

• ∀ε > 0,∃ε′ > 0, Pε′ ⊂Gε

• by Baire’s dense open set theorem, this theorem follows.

Remark 4.2 This theorem can be generalized in smooth Banach spaces. For example if B is
reflexive or B∗ separable, then it is smooth (l1,l∞).
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